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1. SUMMARY OF RESULTS 
For each number h, 0 < h < 1, the hypergeometric function 
- 
K(w,z) =qy$,e; h; 1) 
is the reproducing kernel function for a Hilbert space Hh of functions analytic 
for / z - (1 - h)/(2 - h)l < l/(2 - h). A Bore1 probability measure cl,, 
on the closed unit disk (actually on the circles 
2--n+l--h 1 
n+2-h =n+2-h 
is explicitly described such that Hh = P&J, the closure of the polynomials 
in L2(ph). Therefore, the operator M,: F(z) + zF(s) in Hh is subnormal. 
The subnormal operator I - M, is unitarily equivalent to a “weighted 
Cesaro operator” in Z2, 
where b, = (a, + 4% t- . . . + dna,)/(n + 1) d, , 
(1) 
where dj2 = r(j + 1) r(h)/r(j + h). For h = 1, C, is the Cesaro operator 
studied in [l, 4-61. The subnormality of C,, generalizes the results of [4], 
and the proof relies heavily on the methods of that paper. 
Finally, we look briefly at operators C, in l2 defined by (1) for any bounded 
sequence d = (di} with dj > 6 > 0. (See Section 3.) 
2 
Let 0 < h < 1 and dn2 = r(n + 1) r(h)/r(n + h), n = 0, 1,2 ,.... Define 
a linear transformation C, on the space l2 of square summable complex 
sequences by Eq. (1). 
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LE~IMA 1. C,, is a bounded linear operator on 12, with 11 C,L 11 < 2. 
Proof. If h = 1, C,, is the Cesaro operator, and the result was proved in 
[l, p. 1301. Since (d,} is nondecreasing, the general case follows from the 
inequality 
In fact, 11 C, 11 = 2. (See the remarks following Theorem 2.) 
LEMMA 2. The point spectrum of C,* is the open disk 
{A: 1 A - l/(2 - h)l < l/(2 -h)}. 
Proof. We follow the proof of Theorem 2 of [l]. Observe first that if 
f = {f(n)} is in P, then (C,*f) (n) = xz,f(i) d,J(i + 1) dj . If C,*f = Aj, 
then it follows as in [l, p. 1301 thatf(n) = d, I& (1 - (l/jA))f(O). Suppose 
now that 1 h - (2 - h)-l ( < (2 - h)-l, or, equivalently, 2 Re l/A > 2 - h. 
If p = l/h, then the condition is that 2 Re p = 2 - h + E for some E > 0. 
We must prove that if this condition is satisfied and if 
f(n) = (rc&+~~@)1’2fi [l - f] forn > 1, 
then f E I”. This follows from the argument in [I, p. 1301 and the estimate 
Z+z + 1) r(h)/Z+ + h) = O@Z~-~) [2, p. 571. 
If f belongs to P, define F by F(z) = <f, &2>, all 
l-h 1 
2-m <-, 2-h 
where (I - C,*) $e = B$~ , $z(0) = 1. Let Hh denote all such functions F 
and define II F ljHh = ljf/ll~ . The Hh is a Hilbert space of functions analytic 
for ( z - ((1 - h)/(2 - h))j < l/(2 - h). (The analyticity follows from 
Lemma 5 below.) 
LEhlhfA 3. The operator Z - C, in 1” is unitarily equivalent o F(z) + zF(z) 
in Hh. 
LEMMA 4. The functions 
u’,=l, Y’,(,,=d,(z-I)-“a(z--~)...(z--) 
are an orthonormal basis for HI, . 
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Lemmas 3 and 4 follow from the proofs of [4, p. 2161 or [6, p. 781-7821 
and linearity. 
LEMMA 5. The reproducing kernel function for Hh is 
K(w, z) = F 
i 
‘p&, e; h; 1). 
Proof. By the Schwarz inequaiity, ) F(w)\ < 11 bw )I JIF J\ for each F in Hh 
whenever j w - ((1 - h)/(2 - h))l < l/(2 - h), so K(w, z)exists andequals 
t y’,@) %4 = F ( +,c;h;l), 
by Lemma 4 and [2, p. 561. 





onto the half-plane Re w > -h/2. The inverse map is w 4 w/(1 + w). Let 
Kh denote the set of functions F of the form F(z) = G(z/(l + z)) for some G 
on Hh, Re z > -h/2. Define a norm in K,, by (1 F 11 = I/ G ]lH,, . Then Kh is a 
Hilbert space of functions analytic for Re a > -h/2. Under the conformal 
mapping, the orthonormal basis {(- 1)” Y,} for H,, goes into the orthonormal 
basis I&, = 1, $&(z) = (d&z!) Z(Z - 1) ... (Z - n + I), and the reproducing 
kernel function for Kh is F(-3, --z; h; 1). 
It follows from [4, p. 2181 that for 0 < a, b < 2, a2 and bZ are in K,, and 
= (a + b - ab)-h. 
This result, together with the theorem below, will show that the norm in Kh 
is given by integration with respect to a measure on the half-plane 
Re w > -h/2. 
THEOREM 1. For each 0 < h f 1, there exists a positive measure 01~ on 
the half-plane Re w > -h/2 such that (a + b - ab)-” = s a”b’ dab(w) for 
all 0 < a, b < 2. 
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Proof. Let a = Ed, b = et, u = s + t, v = s - t, h(v) = evlB + e-v/B. 
Then h(v) > 2 for v # 0, and e”12 < 2; hence 
(a + b _ ab)-h = (e(u+~)/2 + e(u-e)/2 _ eu)--h 
= e-uh/2A-h( 1 _ A-leu/2)-h 
= e-uh12 2 
ZJn + h) e”“12 
n=or(n + l)Iyh)Xn+lr’ 
But 
h-n-h = ; sech $ 1 “‘+h 
1 io 1 rn+h 
= %- --m qn + h) s I ( 
- 
2 
+ iy) I2 eivs dy, 
by [3, p. 301. Therefore, 
(a + b - ab)-” 
1 
-cc 




jm 1 r (x + G + iy) I2 dy eivv dy(x), 
q2x + 1) r(h) --co 
where y is the measure on [0, co) that has unit mass at the points n/2, 
12 = 0, 1, 2 ,..., and vanishes elsewhere. Thus, 
(a + b - ab)-h = SJ’ eux+iuY da(x, y) = /jazbi dor(x, y), 
where 
1 I r(x + h + iY)l” 
da(x,y) = 2rrly2x + h + 1) T(h) dr (x + +) 
is a measure on Re z 3 -h/2, supported on the lines 
x = (n - h)/2, n = 0, 1, 2 ).... 
THEOREM 2. The operator I - Ch in l2 is subnormal. 
Proof. Define a measure p,, on subsets A of the disk 
l-h 1 
Z-m <--- 2-h 
(2) 
that do not contain 1 by j&(A) = c+,((z/(l - s): z E A}). Also, define 
~~((1)) = 0. By Lemma 5 of [4], (a*l(l-2): 0 < a < l} spans a dense subset 
of H2(ph). These functions also span a dense subset of Hh , for if C b,Y,, is 
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orthogonal to u~/(~-~) = C; (1 - a)” [r(h + +z!r(h)]“” Y&r) [4, p. 2171, 
then the sequence {[F(h + n)/n!r(h)]‘l” b,f is orthogonal in Z2 to {I,” (1 -a)“} 
and hence vanishes identically. By Theorem 1, 
(ar/u-z), p/(1-2) >H, =s 
az/ll-r,~a/(l-Z) du&), 
0 <a, b < 1. (3) 
Now let Us be the linear mapping from finite linear combinations of the 
functions &/(l-*) in H2(&, 0 < a < 1, into Hh given by 
u, 
( 
1 q.u;‘(l-y = c qp-z), O<Uj<l. 
Equation (3) implies Us preserves norms. Hence U,, has a unique isometric 
extension U from all of H2(ph) onto Hh . By the proof of Theorem 4 in [4], 
U(1 - z) p(z) = (1 - z) p(2) f or every polynomial p. Since polynomials of 
the form (1 - z)p(z) are dense in H2(ph) by the proof of Lemma 5 in [4], 
U provides a unitary equivalence between the operators F(z) + zF(z) in Hh 
andf(z) + zf(z) in H2(ph). Since this last operator is subnormal, the proof is 
complete. 
Remarks. It follows from Eq. (2) that the measure dor on Re z > ---h/2 
is supported on the lines x = (n - h)/2, 71 = 0, 1, 2,..., and the restriction 
of d~r to each of these lines is mutually absolutely continuous with respect to 
arc length. Since the mapping w -+ w/(1 + w) takes the line x = (a - h)/2 
onto the circle C, with center (n + 1 - h)/(n + 2 - h) and radius 
l/(n + 2 - h), n = 0, 1, 2 ,..., the support of ph consists of the circles C, , 
and the restriction of ph to each C, is mutually absolutely continuous with 
respect to arc length. To show that CL,, is a probability measure, we compute 
by [3, p. 391. Hence, 
f pj&(Cn) = 2-h 1 pqn + h)/qn + 1) w41 
n=o 
= 2-y 1 - &)-” = 1. 
The operator f(z) + zf(z) on L2(& is a minimal normal extension of 
I - Ch . It is clear that the spectrum of this operator is the union of the 
circles C, , 71 = 0, 1, 2 ,.... 
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3 
Let d = {d,) be a nondecreasing bounded sequence of real numbers with 
d, 3 6 > 0. Define a linear transformation C, on l2 by Eq. (1). By the proof 
of Lemma 1, C, is bounded. By the proof of Lemma 2, i.e., of [ 1, Theorem 21, 
the point spectrum of Cd * is the open disk (A: ) X - 1 / < l}. The previous 
arguments then show that I - Cd is unitarily equivalent to F(z) -+ zF(x) in 
H, , a Hilbert space of functions analytic for 1 z 1 < 1, with orthonormal 
basis !PO = 1, Y,(z) = d,(z - I)-,, z(z - i) .‘. (z - (n - 1)/n). Since d is 
bounded, D: {a,} -+ {dna,} is a bounded operator on P. Since d, 3 6, D is 
invertible. Clearly, C, = D-T,,D, where C,, is the Cesaro operator, which 
corresponds to d being identically 1. Thus, C, is similar to the Cesaro 
operator. It is not known in general when C, is subnormal. 
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